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Statistical version of Hilbert’s sixteenth problem

Hilbert’s sixteenth problem:

“The maximum number of closed and separate branches which a plane
algebraic curve of the n-th order can have has been determined by
Harnack. There arises the further question as to the relative position of
the branches in the plane. ... A thorough investigation of the relative
position of the separate branches when their number is the maximum
seems to me to be of very great interest, and not less so the
corresponding investigation as to the number, form, and position of the

sheets of an algebraic surface in space.”

David Hilbert, International Congress of Mathematicians, Paris, 1900
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Nodal lines of Kostlan ensemble of degree 56 on S*

Nodal portraits created by Maria Nastasescu
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Nodal portrait of a gaussian plane wave (figure by Alex Barnett)
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Gaussian spherical har-
monic of degree 40

Gaussian linear combina-
tion of spherical harmonic
of degrees < 40

k Nodal protraits created by Alex Barnett
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(Questions that we cannot answer:

Questions pertaining to 2D Gaussian monochromatic random waves

Challenge: Reveal "hidden universality law” that provides the rigorous

foundation for the Bogomolny-Schmit work
Question: Show that a.s. there is no infinite nodal line

Question: Show that for each € > 0, the probability that the set
{z: F(z) > €, |z| < R} has a component with diameter > eR tends to zero.

Question: Find asymptotics of the variance of N(R; F')

(according to the B-S prediction it grows as const - R?)

Similar questions can be raised for the spherical harmonics ensemble. j
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/Questions that we cannot answer: (continuation) \

Questions pertaining to high-energy Laplace eigenfunctions

Nothing is known about the number of connected components of the nodal set
for ‘randomly chosen’ high-energy Laplace eigenfunction f) on an arbitrary
compact surface M without boundary endowed with a smooth Riemannian

metric g

Does Theorem 3 (on spherical harmonics) models what is happening when

M = S? and ¢ is a generic metric sufficiently close to the constant one?

Let A1 < A2 < ... be a (simple) spectrum of the Laplacian —A, on M
C' > 1 sufficiently big constant, n — oo
Consider fy’s with VA € [n, n + C’}, their number is ~ n

Question: Whether at least for a given proportion of such eigenfunctions,
N(fy) > en??

Instead of perturbing the ‘round metric’ on S*, one can add a small (random)
@ten’cial to the spherical Laplacian. The question remains hard
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/Questions that we cannot answer: (continuation) \

Questions pertaining to Euclidean models

Question: Unveil the nature of the constant v(p) in Theorem 1. At least, find
tight bounds for v(p)

Question: Find statistics of large components of the zero set of F’; i.e.,

components of diameter comparable to R® with 0 < a < 1
Question: Find asymptotic of the variance of N(R; F)

Question: Prove exponential concentration of N(R; F')/R™ around v(p)

The difficulty is caused by components of small diameter, which do not exist
when F satisfies the Helmholtz equation AF + k*F = 0

Even for stationary Gaussian processes on R, the question about exponential

anentration remains open j
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